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Abstract

In this paper we consider the statistical sensitivity analysis of the
heavy metals biosorption from contaminated wastewater packed col-
umn reactors.
In particular the model considered to describe the biosorption phe-

nomenon is the Advection Dispersion Reaction equation under con-
cepts of rapid local equilibrium. This allows computer simulation with
random input parameters choosen from appropriate probabilty distri-
bution.
In order to have a statistical framework for analysing the simulated

data and assessing input importance, we introduce heteroskedastic and
mutlivariate sensitivity analsysis, which extends standard sensitivity
analsysis. We than apply the method to simulated data and draw
conclusions on the �xed packed reactor e¢ ciency.

Keywords: Multivariate SA, Heteroskedastic SA, Heavy Metals
Biosorption

1 Introduction

Heavy metals are toxic pollutants released into the environment by indus-
trial, mining and agricultural activities. Due to non-biodegradability of these
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pollutants, environmental risk increases as accumulation and concentration
take place.
The main treatments used to remove heavy metals from waste waters

are precipitation, ion exchange and reverse osmosis. The application of such
processes is often limited because of technical and/or economic constraints.
For example, precipitation, which is used as preliminary process, can not
guarantee the metal concentration limits required by regulatory standards.
Moreover, it produces wastes which are di¢ cult to be disposed. On the other
hand ion exchange and adsorption processes are very e¤ective but need ex-
pensive adsorbent materials and di¢ cult plant management (Volesky, 2001).
There are two main reasons inducing to consider biosorption for wastewa-

ter treatment. The former is represented by the good performance in metal
removal, often comparable with reverse osmosis. The latter is given by low
costs and availability in nature of adsorbent bio-material (Volesky, 2001).
Because of this, in the last ten years, many researchers have studied

the biosorption phenomenon analyzing di¤erent aspects: equilibrium studies
with free microorganisms (Vegliò et al., 1997b; Pagnanelli et al., 2000; Espos-
ito et al., 2001; Sag et al., 2000a, 2001a), microorganisms in packed columns
(Kratochvil et al.,1997, 2000; Sag et al., 2001b), single and multicomponent
systems (Sag et al., 2001a; Kratochvil et al., 2000; Pagnanelli et al., in press),
kinetic studies (Vegliò et al., 1998; Vegliò et al., 1997c; Sag et al., 2000b)
and biosorption of heavy metals in membrane reactor systems (Beolchini et
al., 2001). A recent rewiew of very wide biosorption literature can be found
in Vegliò et al., 1997a, Volesky, 2001, Kratochvil et al., 1998b.
One aspect to be considered with natural or arti�cial immobilized biomass

is the behavior in �xed bed reactor systems: mathematical modelling for
a �xed bed has been generated mainly from research on activated carbon
sorption, ion exchange or chromatography applications (Hatzikioseyian et
al., 1999, 2001).
Despite to an exaustive literature regarding mathematical modelling of

�xed bed reactors (see e.g. Kratochvil et al., 2001, and references therein),
only few authors used SA, which could be more e¤ective to evaluate the
impact of the main process parameters to this kind of reactors. Originally,
SA has been carried out changing �one factor at time�(OAT). The papers
of Hatzikioseyian et al. (1999, 2001) show that SA results are important
and consistent with the physical meaning of the biosorption process. Nev-
ertheless as it will be clear from section 3, important lack of information is
possible if nonlinearities or signi�cant interaction e¤ects are present among
the investigated input parameters.
In this work, we use variance-based Monte Carlo SA which allows to

account for interaction and nonlinearities, see e.g. Fassò and Perri (2001)
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or Saltelli e al. (2000). In particular, in section 3, after recalling the main
rational of Monte Carlo standard SA, we propose a new extension of SA to
cope with multivariate and heteroskedastic models. Then, in section 4, SA
is applied to assess the in�uence of main �xed bed reactor parameters on the
heavy metal biosorption performance from two di¤erent perspectives.
In the �rst case, using a so-called �Global SA�, a wide process parameters

variation range is considered. In this manner it is possible to establish guide-
line criteria for preliminary design of �xed bed reactor or packed columns.
For example, this approach may give useful information about the nature of
the biosorbent (adsorption capacity, biosorbent density), the column pack-
aging arrangement (void degree) or operating conditions (volumetric �ow
rate).
In the second case, small variations around a known central value of

these parameters are considered. This allows to de�ne which parameters
require high measurement accuracy through experimental work. This second
approach is called here �Local SA�.

2 Biosorption in Packed Column Reactor

2.1 Hypothesis and model formulation

In the present work the model considered to describe the biosorption phenom-
enon in the �xed bed reactor is the Advection Dispersion Reaction (ADR)
equation under concepts of rapid local equilibrium. This approach is very
common in chromatography and ion exchange applications (Hatzikioseyian
et al., 1999, 2001). It also permits to describe the heavy metal removal con-
sidering the main operative aspects of the system such as biosorbent char-
acteristics, column package arrangement and geometrical dimension of the
column.
The theoretical details on simulating �xed bed reactors in biosorption

studies have been analyzed by Hatzikioseyian et al., (1999, 2001) and Kra-
tochvil et al. (2001). This approach is based on the mathematical solution of
the material balance equations in the liquid phase coupled with the equilib-
rium information for the solute biosorbed by the solid phase. This equation,
simpli�ed in one dimensional form for a single solute, is reported in following
partial di¤erential equation (PDE):

@C

@t
= Da

@2C

@z2
� u@C

@z
� �S

1� "
"

@q

@t
(1)

where z is the axial coordinate in the column (m), t is time, C is the heavy
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metal concentration (mg=L), Da is the axial dispersion coe¢ cient (m2=s); u
is the �ow velocity (m=s), �s is the sorbent density (kg=m

3), � is the void
degree, and q is the heavy metal concentration in the sorbent (mg=g).
The right hand side of this equation incorporates the di¤usive, bulk solute

movement and the sorption process respectively. The solution of equation
(1) describes the performance and the process dynamics of a sorption packed
column.
The most important term of the solute material balance is the rate of

the solute uptake in the solid phase as described by the term @q
@t
. A simple

approach for the model sorption phenomenon is to assume that mass transfer
resistance in the liquid and solid phase are negligible and the biosorption
reaction is instantaneous. This gives a local equilibrium between the liquid
and solid phase in each section of the column.
The most common relationship used to describe the biosorption equilib-

rium term is the following Langmuir equation:

q =
qmaxC
1
b
+ C

(2)

where q and C are the equilibrium solute concentrations in the solid (mg=g)
and liquid (mg=L) phase respectively, qmax (mg=g) and b (L=mg) are parame-
ters to be estimated by equilibrium experimental tests (Esposito et al.,2001).
Using dimensionless variables, the following equation (3) is reported to-

gether with appropriate boundary and initial conditions:8>>>>><>>>>>:

@C0

@t0 =
1

Pe

�
1+K

Kads

(Kads+C0)
2

� @2C0
@z2

� 1

"

�
1+K

Kads

(Kads+C0)
2

� @C0
@z

t0 = 0
0<z0<1�! C 0 = 0

z0 = 0
8t0�! C 0 = 1

z0 = 1
8t0�! @C0

@z0 = 1

(3)

where K = �S(1�")qmax
C0"

; Kads =
1
bC0
; P e = u0L

Dh
; C

0
= C

C0
; Z

0
= Z

L
; t

0
= tu0

L
, L is

the column length, u = u0
"
and u0:is the speci�c bed velocity.

In the operative range conditions analyzed here, the axial dispersion co-
e¢ cient (Da) can be expressed as (Hatzikioseyian et al., 1999):

Da =
�L
�L

N0

0:20 + 0:011 (N0)0:48
(4)

where N0 = dpu0
�L
�L
; �L is the �uid viscosity (kg=m � s), �L is the liquid

density (kg=m3) and dp is the adsorption particle diameter (mm).
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2.2 E¢ ciency assessment

The outputs considered to assess the performance of the �xed bed column
were the breakthrough time (t�b) and the length of unused bed (LUB

�)
(Hatzikioseyan et al., 1999). The quantity t�b is the column working time
over which it is necessary to regenerate the �xed bed. In our setup t�b is
de�ned as the time over which the outlet metal concentration exceeds 5% of
the inlet concentration C0.
The length LUB; representing the column e¢ ciency with respect to the

ideal conditions (Plug Flow Reactor), is evaluated as reported in the following
equation

LUB� =

�
1� t1

t2

�
L

where

t1 =

Z t�b

0

�
1� Coutlet

C0

�
dt

and

t2 =

Z 1

0

�
1� Coutlet

C0

�
dt:

In the following sections we will use the dimensionless quantities given by
LUB = LUB�

L
and tb =

t�bu0
L
: Further details of these outputs may be found in

Hatzikioseyan et al. (1999).

2.3 Numerical solution of the partial di¤erential equa-
tion

The numerical solution of PDE given by equation (3) has been obtained by
using a Fortran routine denominated PDECOL (Transaction of mathematical
software, 1992). PDECOL is the driver routine for a sophisticated package
designed to solve the general system of nonlinear PDE of at most second
order on the established time and length intervals.

3 Statistical Models and Sensitivity Analysis

Generally speaking, sensitivity analysis (SA) is concerned with the mathe-
matical model representation of a physical system and attempts to assess
the sensitivity of the model output to variations of model inputs given by
variables or parameters and variations of model assumptions. We than have
a function

y = f (x1; :::; xk) = f (x)
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relating the k-dimensional parameter vector x =(x1; :::; xk)
0 to the model

output y: The function f is not known in closed form but, as long as model
assumptions are valid, it is computable, through computer runs, for every x
in an appropriate range, say D. For example, the packed column setup we
are going to consider in section 4 below, is x =(�L; �L; u0; "; dp; �S; qmax; b)

0

and y = tb or LUB:

3.1 One-factor-at-time SA

Sometimes we are interested in small variations around a known central value
x0: The simplest and often simplistic approach to this problem is the so-called
one-factor-at-time SA or OAT, where we use a �rst order expansion around
the base case x0:

f (x0+�) �= f (x0) +
kX
i=1

@f (x0)

@xi
�i: (5)

For example, in chemical kinetics SA literature (Turanyi and Rabitz, 2000),
@f

@xi
is called �rst order local sensitivity and the OAT approach, using only

k + 1 runs, may be used to get the �nite di¤erence approximation to �rst
order local sensitivity, i.e.

@f

@xi
�=
y (x0;i +�i)� y (x0;i)

�i

;

for small perturbations �i: This approach is cheap in computing time but it
heavily relies on the linearity assumption and the k+1 data collected cannot
give much information on the validity of this assumption.
The next step is based on repeated OAT which considers n replicates of

xi with the other coordinates, xj with j 6= i, �xed at the base case value x0;j:
We then compute importance measures based on output uncertainty due to
xi uncertainty, ceteris paribus. For example, we can use this data to compute
variance ratios

S (y (xi))
2

S (xi)
2

where S (xi)
2 = 1

n�1
Pn

j=1 (xji � �xi)
2 is the variance of the n replicates of xi

and, similarly, S (y (xi))
2 is the sample variance of simulated y�s due to xi

variation.
Then using nk runs, OAT statistics allow parameter ranking according

to their importance but cannot be used to assess interactions among inputs.
Moreover all these results are local in the sense that they use the base case
as reference, and changing it may cause a change to conclusions.
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3.2 Monte Carlo SA

The discussion of this and the following sections suppose that extensive data
zi = (yi;xi) are available from f by simulating the packed column reactor,
for example via fast numerical integration of the bio�lter PDE of section 2.
Using these data and some statistical approach, for example the least squares
(LS) method, it is possible to get a simpli�ed version f̂ of f such that

y = f̂ (x) + e:

As long as the computer model f is a good representation of the physical
system and the error e is small in some sense, the statistical model f̂ can be
used for insight into the system dynamics and in particular for quantitative
SA, i.e. the numeric assessment of the in�uence or importance of the various
parameters to the system output. A standard assumption on e is that it
behaves like an error having the Gaussian distribution and being independent
on x.
Recent accounts of SA are given in Fassò and Perri (2001) and Saltelli et

al. (2000). According to these, modern SA is essentially based on some kind
of variance decomposition. These variance methods are useful when one is
interested in SA of f on a range of values and not only around one �xed
value x0: In the former case it is often useful to suppose that the input x
varies according to some known distribution p (x) : Two common examples
are independent rectangular and Gaussian correlated random variables.
Some variance SA methods are model-free and/or nonparametric in that

they do not tray to fully model f and are mainly aimed to estimate impor-
tance or sensitivity measures. Here we prefer parametric SA giving a model
f̂ (x;�), which depends on the unknown parameter vector � and can be used
for interpreting the real system and computing importance measures.
The Monte Carlo method used in the sequel is based on random selec-

tion or sampling from the distribution p (x). In practice this is easily done
using random number generators available in many software packages. Some
remarks may be useful for generating multivariate normal variates x with
speci�ed covariance matrix � and expectation vector �: In this case, using
modern matrix oriented mathematical and statistical packages, it is often
easier to start generating a vector � of independent standard normal variates
with zero mean and unit variance. Then the simulation of the correlated x
is given by

x = � +�1=2�

where �1=2 is an appropriate matrix, e.g. the Cholesky decomposition of �,
such that � = �1=2

�
�1=2

�0
and the prime denotes matrix transposition:
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Sometimes it may be useful to have inputs which are incorrelated not only
at the level of the parent distribution p (x) but incorrelation or orthogonality
is required for the particular Monte Carlo sample at hand. To do this we use
the linear transform

xi=�̂
�1=2�i (6)

where �̂ is the sample covariance matrix of the simulated �1; :::; �n, which
gives incorrelated inputs to the simulation model. We may then run the
computer model on orthogonal inputs to get y1 = f (x1) ; :::; yn = f (xn) :
In order to use a linear regression, we use a post-simulation input trans-

form u =u (x) which may encompass orthogonal polynomial nonlinearities
and interactions and then we �t the standard linear model f̂ given by

~y = �0~u+ e =
X
j

�j~uj + e (7)

to the simulated zero mean deviates ~y = y� �y , and ~u = u� �u: In the sequel
the tilde will be omitted for notational simplicity.
When the components uj are incorrelated, the output variance �2y can be

decomposed as
�2y =

X
j

�2j�
2
uj
+ �2e: (8)

and using the LS estimate �̂j a similar decomposition holds for sample vari-
ances S2y ; S

2
uj
and S2e computed with the same denominator e.g.

1
n�1 : This

decomposition holds exactly if we use orthogonal inputs given by (6), oth-
erwise it holds for large samples under parent distribution incorrelation. It
follows that the importance measure or sensitivity index given by

SIj = �̂
2

j

S2uj
S2y

can be used to assess the in�uence of the jth input to the model output.
In fact these indexes sum to the total variance percentage explained by

the model, i.e. X
j

SIj = R
2 = 1� S

2
e

S2y

where R2 is the well known multiple determination coe¢ cient and the para-
meters can be ranked accordingly.
Some remarks are useful for contrasting regression analysis in simulation

models and in the standard statistical model. Whenever the setup is rather
similar, in the latter y is a random variable even when the particular x used
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is known. In the former, after �xing the parameters nothing is random and
replications give the same output value. Hence, if the model f̂ were of the
same form of f; then, after having enough data, one could get the true f
by interpolation. This means that if f is approximately linear, then partial
correlation coe¢ cients are very near to one in absolute value. Moreover
standard t and F tests loose standard sampling theory interpretation and
p-values have to be interpreted with caution.
We than conclude that the error e, conditionally on x, is not random and

e = e (x) : Nevertheless, in some cases it may happen that statistics based on
e (xi) and xi in large samples behaves like those coming from independent
random variables. This means that for general transforms s (e) and t (x) we
have

1

n

X
s (e (xi)) t (xi) �= E [s (e (x))]E [t (x)]

where E is the expected value and the approximation holds in the sense of
a standard stochastic convergence. As a particular case, in the linear LS
model it is well known that 1

n

P
e (xi)xi = 0 and in the nonlinear LS model

this holds only for large samples. Graphical analysis may help in practice
for evaluating these assumptions. For example, Figure 1 below shows that
e (x)2 is almost incorrelated with " but strongly correlated with �S and qmax.

3.3 Multivariate SA

In this section we extend the previously introduced SA concepts to the mul-
tivariate regression model. For the sake of simplicity we consider only the
bivariate case, which is the case study of next section. Of course this ap-
proach readily extend to a generic multivariate model.
Now the model output y = (LUB; tb)

0 is bidimensional and f is a vector-
valued function. In this case we have the following matrix notation for the
multivariate regression model�

y1
y2

�
=

�
�
0

1

�
0

2

�
u+

�
e1
e2

�
= Bu+ e (9)

and the multivariate LS method (see e.g. Rencher, 1995) simply gives

B̂ =

�
�̂ (y1)

�̂ (y2)

�
where �̂ (y1) is the ordinary LS estimate for the �rst equation of (9) consid-
ered alone as in the previous section.
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SA can now be applied to the variance-covariance matrix extending the
variance decomposition (8) : Using covariance matrices and matrix notation
we get

Sy= BSuB
0+Se:

In order to get scalar valued indexes some metric for matrices is required.
Various options are available, for example trace or determinant or the ap-
proach based on likelihood decomposition which combines both.
Here, for the sake of simplicity, we use the trace metric which retains

additivity. We then have

tr (Sy) = S2y1 + S
2
y2

=
X
j

SIj (y1)S
2
y1
+
X
j

SIj (y2)S
2
y2
+ S2e1 + S

2
e2

and the natural multivariate sensitivity index for jth input is the simple or
the weighted average, i.e.

SIj (y) =
SIj (y1) + SIj (y2)

2
(10)

SIj (y) =
SIj (y1)S

2
y1
+ SIj (y2)S

2
y2

S2y1 + S
2
y2

(11)

respectively. The �rst formula is appropriate for scale invariant SA and is
the same as the second one if we use standardized outputs with unit variance.

3.4 Heteroskedastic SA

In technological scalar regression models it may happen that the error vari-
ance is not constant but changes with some factors vj. In this case the model
is called heteroskedastic and equation (7) is completed with

e = �h

h2 = �0 +
X
j

�jvj (12)

where � is an independent standard Gaussian sequence of errors with zero
mean and unit variance. Coe¢ cients � and �; of equations (7) and (12)
respectively, can be jointly estimated via Gaussian maximum likelihood or
by iterated weighted LS.
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In this case the ANOVA decomposition (8) ; similarly to mixed models,
is extended to cope with random e¤ect components, namely

�2y =
X
j

�2j�
2
uj
+
X
j

�jE (vj) + �0 (13)

Correspondingly the heteroskedastic sensitivity index; say HSI; can be de-
composed in a linear SI and a skedastic SI; i.e.

HSIj = SIj + SI
�
j :

where uj and vj refer to the same input.
For example, consider the case where the inputs are not transformed,

u = x; and v1 = x1 in equation (12) : We then have a skedastic component
given by

h2 = �0 + �1x1 + �2x
2
1 (14)

and the following sensitivity index structure:

HSI1 = SI1 + SI
�
1 =

�2j�
2
uj

�2y
+
�1E (x1) + �2E (x

2
1)

�2y
(15)

and the other sensitivities are unchanged, HSIj = SIj, for j = 2; :::; k:

4 Computer Simulation Results

In this section we discuss the computer experiment designs and statistical
results. Since computing time was not a problem we choose to run large
experiments allowing us to check di¤erent models and to focus mainly on
approximation rather than be concerned with relevant estimation uncertainty
and over�tting hazard. Hence the �nal polynomial heteroskedastic solution
is not due to reduced dimensionality of simulated data.
In this section we start with Global SA to get a global picture of our

system. Then we consider Local SA. Here �local�means that the parameter
range D is small but we still use the Monte Carlo approach in order to
get the most of �exibility in modelling and post-modelling diagnostic and
uncertainty assessment.

4.1 Global SA

Global sensitivity has been carried out to identify those process parame-
ters having larger in�uence on �xed bed reactor e¢ ciency. To do this, �uid
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dynamic process factors and chemical-physical characteristics of biosorbent
have been considered as input data and randomly changed in the simulations.
In particular the �uid dynamic factors considered are: liquid viscosity

(�L), liquid density (�L), speci�c bed velocity (u0) and column void degree
(").Whereas the chemical-physical characteristics taken into account are, ad-
sorption particle diameter (dp) with assumed spherical shape, density of the
biosorbent (�S) and adsorption characteristics (qmax and b or Langmuir con-
stants).
All these factors were simultaneously varied in a range suitable for process

design purposes, also considering other similar works (e.g. Hatzikioseyan et
al., 1999). Table 1 lists these data inputs and their range D: Independent
rectangular distributions have been used in this �rst simulation study. Using
this setup, n = 10; 000 simulations z1; :::; zn have been generated giving n
random vectors of the input factors xi; orthogonalized using equation (6)
and n output yi = (tb;i; LUBi) computed as in section 2.2.

Table 1: Parameter and output statistics for global SA

4.1.1 Data Analysis and Modelling

The modelling philosophy has been incremental, starting from a simple lin-
ear model as in equation (7) with u = x, deleting unimportant variables and
then adding quadratic and interactions when needed. As mentioned above,
p-values and standard test F or t test were used with some caution because
of the very large sample and the non stochastic error structure. An im-
portant tool was the graphical analysis of residuals. Along these lines we
searched for a model having residuals almost independent from the x and
normally distributed or, at least symmetric around zero and of course with
small Mean Squared Error (MSE) and little complexity as measured by the
Akaike Information Criterion (AIC).
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As will be clear from the results, the modelling process was successfully
performed by �ltering out every signal appearing between the transformed
inputs u and the residuals.
All variables, both input and output, in the sequel are zero mean deviates.

Moreover the linear inputs x are orthogonal as explained in section 3.2 and
the quadratic and interaction components have been orthogonalized after
running the model so that they have to be interpreted as quadratic e¤ects
after discounting for the linear ones.

4.1.2 Modelling tb

Omitting the unimportant variables we get the following simple model for tb;
with �standard deviation reported in brackets for all coe¢ cients and error:

tb = 0:187 (�0:003) "+ 0:237
�
�7� 10�4

�
�S (16)

+0:00686
�
�2� 10�5

�
qmax + e (�0:018) :

Despite the preliminary very good �tting R2 = 96:90%; from Figures 1 - 3
we see that some nonlinear relationship is present after �ltering the linear
components. The symmetric behavior of the residuals from Figures 1 hints
both for heteroskedasticity or interactions. The same conclusions may be
achieved from the normal probability plot and the histogram with superim-
posed Gaussian of Figure 3 which show high tails and kurtosis k (e) = 3.5.
Moreover the �tted against observed plot of Figure 2 hints for nonlinearity.

Figure 1: Residuals of tb model (16) vs. parameters. (a) "; (b) �S; (c) qmax.
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Figure 2: tb values �tted by model (16) vs. observed.

Figure 3: Residuals of tb model (16) : Normal probability plot and histogram

We then get the following second order model

tb = 0:187
�
�9� 10�4

�
"+ 0:237

�
�2� 10�4

�
�S

+0:00686
�
�10�5

�
qmax � 0:230 (�0:0033) "�S (17)

�0:0071
�
�2� 10�5

�
"qmax + 0:0054

�
�2 � 10�5

�
�Sqmax

�0:329 (�0:016) "2 � 0:00001
�
�8 � 10�6

�
q2max + e (�0:0049) :

Note that, thanks to orthogonality, the coe¢ cients of the linear component
are unchanged but all standard errors decreased and �tting is now very high
with R2 = 99:77% and root MSE given by RMSE = 0:015. Moreover
from Figures 4 - 6 we get an almost perfect Gaussian error distribution with
no dynamical signal to reasonably extent low skewness, sk = �0:03 and
Gaussian kurtosis k (e) = 3:03: The pure quadratic components "2 and q2max
add very little in terms of variance, see the sensitivity table 2 below, but
they have been retained in the model because improve both Gaussian �tting
and dynamics �ltering as shown by Figures 6 and 4 respectively.
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Figure 4: Residuals of tb model (17) vs. parameters, quadratic and interac-
tion terms. (a) "; (b) �S, (c) qmax; (d) "�S; (e) "qmax; (f) �Sqmax; (g) "

2; (h)
q2max.

Remembering the non-stochastic nature of our simulation model one
could search for a more detailed description. For example, if one would
use all 8 parameters and their 36 quadratic and interaction terms, would get
R2 = 99:985% and RMSE = 0:0013: In this case residual uncertainty would
be about a quarter of model (17) but we omit these components because
inessential for the present work.

Figure 5: tb values �tted by model (17) vs. observed.
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Figure 6: Residuals of tb model (17) : (a) normal probability plot; (b) .his-
togram

4.1.3 Modelling LUB

Following the approach of previous section we get the following second order
model for L = 100� LUB

L = 5:89 (�0:02) dp + 62:6 (�0:098) "� 10:0 (�0:02) �S
�0:297 (�0:0005) qmax + 0:722 (�0:006) b+ 21:0 (�0:4) dp" (18)

�0:0298 (�0:002) dpqmax � 18:0 (�0:4) "�S � 0:514 (�0:008) "qmax
+0:0776 (�0:002) �Sqmax � 6:12 (�0:09) �2S � 0:00527

�
�5� 10�5

�
q2max

+e (�0:56) :

This model has a very good �tting with R2 = 99:12%:
Nevertheless, from the �rst plot of Figure ?? we see that the conditional

variance of e (x) increases with dp: Moreover, from the graphical analysis of
residual distribution, which similar to Figure 3 but is omitted for shortness,
we see that the residuals have high tails and high kurtosis, being k (e) = 5:07.
We then �t the skedastic component given by equation (14) and get the
following quadratic equation

h (u)2 = 0:0973 (�0:021)� 0:389 (�0:093) dp + 1:221 (�0:087) d2p: (19)

Note that, contrary to regression equation (18) ; here dp is the nonzero mean
original parameter. The heteroskedastic model greatly improves error nor-
mality since now we have k

�
e
h

�
= 3:02:

Moreover Figure 8 shows that after �xing "; �S and qmax, output uncer-
tainty strongly depend on dp being generally increasing with dp. Hence the
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Figure 7: Residuals of LUB model (18) vs. parameters, quadratic and inter-
action terms. (a) dp; (b) "; (c) �S, (d) qmax; (e) b; (f) dp", (g) dpqmax; (h) "�S
(i) "qmax; (j) �Sqmax; (k) �

2; (l) q2max.

heteroskedastic model gives a further reduction of the output uncertainty
especially for packed column reactors with small particles diameters dp. This
point is not much evident from inspection of sensitivity indexes only. For
example in table 2 we have HSI (dp) = 0:0726 + 0:0061 = 0:0787 �= SI (dp)
because there the error e is already small with respect to LUB variance �2y
and detailed input-output modelling gives further insight into system dy-
namics and output uncertainty.
Since the correlation coe¢ cient between the errors of the LUB model

(18) and the tb model (17) is quite small, being �0:109, we can conclude
that the residual uncertainty of the two subsystems is almost independent.

4.1.4 Results and Discussion

In the table 2 below SA is summarized including SI from both univariate
models, the heteroskedastic indexes and the multivariate ones. The multi-
variate SI�s are based on the simple average formula (10) and the weighted
averages (11) are not reported here since, in this case, the results are essen-
tially the same.
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Figure 8: Skedastic function h (dp) for LUB model from equation (19)

It can be observed that the investigated process parameters do not in�u-
ence the �xed bed reactor e¢ ciency at the same extent. In particular, as the
last column of table 2 shows, the maximum heavy metal up-take (qmax) is
the most important process parameter of this system being 46:9% its overall
importance and being 34% and 59:8% the importances of this parameter on
LUB and tb respectively. This conclusion is in agreement with those ones
reported in similar works and physically acceptable.
For analogous reasons, the biosorbent density (�S) is the second signi�-

cant parameter, being its overall importance given by 27:7% and 36% and
19:3% the importances for tb and LUB respectively. As also reported by
Hatzikioseyian et al. (2001), the increase in density �S produces an increase
in adsorbing material in the �xed bed, improving both tb and LUB outputs.
Regarding the other input parameters, the most relevant factor is the �xed

bed void degree (") with an in�uence on LUB of 36%: as above reported
qmax and �S were the most important for tb.
The characteristics of the biosorbent materials seem to be more important

than �uid dynamic factors in the range of the investigated conditions for the
selected equilibrium local model.
Whenever in the table, linear and quadratic e¤ects are summed up for

shortness, it is seen from section 3 that, in principle, they could be separated
and assessed separately. As a matter of fact we can conclude that, quadratic,
interaction and skedastic components are less important then linear ones for
the output variance in our case.
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Table 2: Global SA for tb and LUB

4.2 Local SA

Local Sensitivity Analysis was carried out using the same input parame-
ters utilized in the Global SA but selecting an appropriate con�guration of
this system (see Table 3) and selecting for these average values appropriate
probability distributions of the experimental error. In particular, n = 1; 000
simulations were computed by sampling (qmax; b) from the bivariate normal
distribution with correlation coe¢ cient 0:30 (Esposito et al, 2001) and all
the other input parameters from the rectangular distribution. The partic-
ular normal distribution was chosen to account for the uncertainty coming
from empirical estimation of equation (2).
In this manner the main goal of Local SA was to evaluate which parame-

ters must be estimated with major precision during the experimental work
to avoid large errors on the evaluation of the output process parameters such
as tb and LUB.
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Table 3: Parameter and output statistics for local SA

4.2.1 Comparing Local and Global SA

Following the approach of previous sections we get the following model for tb

tb = 0:217
�
5 � 10�4

�
"+ 0:242

�
5 � 10�4

�
�S + 0:00664

�
�10�6

�
qmax

�0:00387
�
�2 � 10�5

�
b� 0:298 (�0:016) "�S (20)

�0:006
�
10�4

�
"qmax + 0:0052 (�0:00012) �Sq

�0:328 (�0:018) "2 � 10�5
�
�6 � 10�7

�
q2max

�0:00026
�
�2 � 10�5

�
b2 + e (�0:00042) :

As expected, �tting is higher here than the global model (17) ; being R2 =
99:98% and kurtosis k (e) = 2:81: Now we have the new terms b and b2 and
di¤erences are statistically signi�cant at standard levels using for example
the symmetry test. Nevertheless the two models are quite similar having
most coe¢ cients very close.
For the LUB output we have

100� LUB = 5:94 (�0:27) dp + 55:1 (�0:13) "� 10:3 (�0:14) �S
�0:277 (�0:001) qmax + 0:774 (�0:006) b (21)

�0:00495
�
�2� 10�4

�
q2max + e (�0:12) :

with R2 = 99:63% and k (e) = 2:92. Comments and conclusions similar to tb
model hold. In addition the residual heteroskedasticity of model (18) is not
important now because the range of dp is quite reduced and this is consistent
with the global model plot (a) of Figure ??.
Despite these similarities, the SI�s reported in table 4 are quite di¤erent

with respect to global SI�s of table 2. Of course Global and Local SA had
been equivalent if all the parameter std0s had been changed by the same rate
but this is not our case, as shown by the last columns of tables 1 and 3.
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Table 4: Local SA for tb and LUB

4.2.2 Results and Discussion

From the analysis of the results reported in Table 4, it is possible to highlight
as the experimental error of the input data, produces large variations of
the outputs LUB and tb, with relevant standard deviation values of their
respective experimental error.
In particular, the parameters more a¤ecting the outputs are qmax; giving

88% importance on tb and 29:8% on LUB; and the void degree "; giving
61:7% on LUB and 5% on tb.
Since input parameters b and �S have little in�uence on tb and LUB; qmax

and " should be estimated with more precision to avoid large experimental
error both on tb and LUB.

5 Conclusions

A standard procedure to evaluate the in�uence of process parameters on
the performance of �xed bed reactors used to remove heavy metals from
wastewaters by biosorption has been proposed.
The statistical approach is based on Extended Global and Local Sensitiv-

ity Analysis which generalizes standard SA to cope with heteroskedastic and
multi-output systems. With this approach, interaction e¤ects can also be es-
timated. On the other hand, SA based on changing one-factor-at-time may
result in loosing this information which may be important for the selected
process.
The in�uence of the main process parameters on the heavy metal biosorp-

tion has been estimated for design purposes and as a useful tool to plan
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experimental runs in terms of experimental error variance.
Moreover, simple polynomial relationships can be generated from simu-

lation results and used as simple mathematical formulas to �nd changes in
the output model parameters with respect to any change in the input data
considered in the formulated model.
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